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B padome evigedenst Henunelinvie ougghepenyuaivtovle ypagHeHus 0 000J104eK PAUeHIU U3 Heal-
HEeUHBIX PA3HOMOOYIbHBIX MAMEPUANos. Ynpyeiue nocmosauHbie 018 MAMePUAId ONpeoesaomes U3 uecmu
YCI06UTL, Nepebvle Yembuipe U3 KOMOPHIX BbLPANCAIONM PABEHCMEO NPeOei08 NPOYHOCHU IKCHEPUMEHMATbHOT
U ANNPOKCUMUPYIOULET] OUASPAMM 8 PACHAHYMOT U CHCAMOT 30HAX NPU OOHOOCHOM HANPAHCEHHOM COCO-
SAHUL U OBYXOCHOM PAGHOMEPHOM PACMANCEHUN U CHCAMUL, NAMOE — PABEHCIMBO NPeOeio8 NPOYHOCHIU N
coguee u nocieOHee — pageHcmeo NpeoeibHOTl 0epoPMAYUU IKCNePUMEHMATILHON U ANNPOKCUMUPYIOueTl
duazpamm 6 caxcamoti 3one. Peulenue noiy4eHHvIX HeAUHEUHbIX OuppepeHyuaivHbIX YpagHeHUl c6e0eHO
npu NOMOUU MOOUPUYUPOBAHHO20 MEMOOA NOCIE008AMENbHBIX HASPYHCEHUT] K DEULEHUIO TUHETIHBIX OUQD-
QepenyuanvHvix ypasuenuii. Jlunetinvie ougppepenyuanvrvie YpasHeHUs PeuteHbl C NOMOULLIO MAMPULYDL
oughgpepenyuposanusa. Ilonyuena mampuya oudpepenyuposanusa ona HepasHomeprozo uiaea. Ilpousee-
JeHOo ConoCmasiienue paciemos ¢ PAsHbIMU MAMPUYAMU OUDGepeHyuUposants 1 NOKA3AHA TYHUAL CXOOU-
MOCMb 6 CIyYae NPUMEHEeHU MAMPUlbl OUPPePeHYUPOBAHUS C NePEMEHHBIM ULACOM.

Knrwuesoie crosa: 060n10uxa epawenus, HeauHeiHbIll PA3SHOMOOYIbHbL MAMEPUI, MeMOO NOCAe00-
BAMENBHBIX HACPYHCEHUT, MAMPUYA OUPhepeHyuposans, HepaGHOMePHbIT U2,

Bynem paccmarpusate ynpyryrwo, OTHOPOAHYIO
u nzotponHyio cpexy. B.B. Hosoxunosemm [1, 2, 3]
MOKA3aHO, YTO €C/IK CIUIOIIHAS cpega oOmamaer
YIOPYTUM NOTCHOHAIOM, TO TNOCICAHHU SBIISETCA
(YHKLHEH TpeX HHBAPHAHTOB TCH30pa Ae(hopMaIii

U:U(J19J29J3); (1)

U=(4J} +BJ)+(CJ. +CJJ, +CuJ,)+(DJ; + D,J,J} + D JJ, +DJ3) +...,

rae A, B, Ci, Dj — dhusuueckue KOHCTaHTHI, ONPE/Ic-
JSICMBIC HA OCHOBE 3KCICPUMCHTAIbHBIX JAHHBIX.

YuuthiBas BRIPAKCHUS B TICPBBIX ABYX CKOOKaxX
moiyaum (hopMy YOPYTroro MOTCHIMANA, HPSIIIO-
skerHyto JI. bpunnyssoMm [4] u pazsuryio P.J{. Myp-
Harasowm [5].

AMNMPOKCUMAITHS FKCTICPUMCHTATBHBIX 3aBUCH-
MOCTEH KyOn4IeCcKol mapaboioi, YT0 COOTBETCTBYET

U=AJ}+BJ,+CJ.J,+CJ,+D,J,J; +DJJ,+D,J,.

Hcmomsays stot noreHiman B padborax 6] mo-
AYUCHA CBI3b MCXKIY KOMIIOHCHTAMH TCH30pa

2G &/ 1
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1-v, 4

1
+ B, [2‘911(1_‘/0 +V§)_‘922(1_4‘/0 +V§)‘:(‘911 +‘922)2

2 (1+Vo)2

rae U — ynpyruii norenmman Hanpsixennd, J1, J2, I3
— UHBAPHUAHTHI TCH30PA A¢hOPMALIHLA.

Paznmoskum ympyruif nmoTeHIman B pag 0o Ie-
JBIM CTETICHSM HHBAPUAHTOB TCH30pa AchopMariyii.
B pesynpTare 317010 NOTEHIMAT IPHBOINATCS K BUAY

2
YICHAM B MEPBBIX TPEX CKOOKAX B BRIPAXKCHHH (2),
JOCTaTOYHO TOYHO OTPAXKACT PE3yIbTATH ONBITOB U
MO3BOJISICT MONYYHUTE CPABHUTEIBHO MPOCTHIC 3aBU-
CHUMOCTH MEXIY HAMPSKCHUAMH U AcopMarisamu.
VYuuTEIBas 3TO, MPUHUMACM YIPYTHHA MOTCHIHAT B
BUJC

3)
HAOpsDKCHUH W TeHsopa acdopmanmid Ams Henu-
HEHHO-YIIPYTOTO Pa3HOCONPOTHBILAIOIIETOCH MaTe-
pHana 4 IIOCKOHAPSDKEHHOTO COCTOSHUS
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A +A4
o, =Gep{l+ (g +322)11—
0

3aeck G — moayap casura, v0 — HAYATBHBIN KO-
s duument [lyaccona, Al, A2, B1, B2, B3, — ynpy-
T'HE TTOCTOSIHHEIC KOTOPBIC ONPEACTSIOTCS U3 ISCTH
VCIIOBHH, MEPBBIC YCTHIPE U3 KOTOPBIX BBIPAKAIOT
PaBEHCTBO MPEACIOB MPOYHOCTH 3KCICPHUMEHTATb-
HON W anmpOKCHUMHPYIOLICH AuarpaMM B PacTsHY-
TOU U CKaTOU 30HAX MPU OJHOOCHOM HAIPSHKEHHOM
COCTOSIHUH M JBYXOCHOM PABHOMEPHOM PaCTKCHUN
U CKaTHH, IITOC — PABEHCTBO MPEICIOB MPOYHOCTH
MPH CABUTC H MOCICIHEE — PABEHCTBO MPEACIBHOMN
JaedopManil SKCICPUMEHTATBHOH U ammpoOKCHMH-
pyromei ruarpamMmsi|7].

Paccmotpum chepuucckyro 000I0UKY sl HH-
TETPUPOBAHN HETUHEHHOHN cructeMbl audepeHim-

Aucyy +Au'c; + Au''c, + Awd,, + AwW'd,, + AW'd,, + AwW'""d 5 +

Aucyy +Au'cy +Au''cyy + Au'"" ¢y + Awd, ) + AW d, | + AW'dy, + AW'"'d 3 + AW d,, +

[Ipouece pacueta cBOIUTCA K PELICHUIO CH-
CTEMBI TUHCHHBIX AU hepeHIHATBHBIX YPABHCHHH,
K03 PULIHUCHTE KOTOPOU, a TAKXKE MPABBIC YACTH 3a-
BUCAT OT INara Harpy3k# [6]. C moMOIIbI0 MaTPHIIHI,
muddepenumpoBanus oT cucTeMbl auddepeHIaib-
HBIX YPABHCHHI MPUXOJUM K MATHYHBIM BBIPAXKC-
HISIM.,

Jns oTHOMEPHOM 3a1a4M MPH ACJICHUH OCH Ha
n y4actkoB (hopmyna uucacHuoro auddepeHiupo-
BaHUSI MOKET OBITh 3AITUCAHA MPUMCHUTEIBHO K HE-
KOTOPOU 0000IIECHHOW (DYHKIUH W, B CIACAYIOIICM
BHAC

24 (8122 —4g,,8,,)/ 2+

2
(€1, +€2,)

0

3B, +B,(1-v, +v02)+33]}. 3)

ANbHBIX VPABHCHHH NPUMECHUM METOJ MOCJCIO0Ba-
tTenpHBIX Harpy:xkeHud. B.B. Iletpos [8] moxaszain,
YTO YpPaBHEHHS METOJA MOCICAOBATCIBHBIX HATPY-
JKCHUM  OPEACTaBASIOT  coboit  auddepeHmman
®pere HCXOTHBIX YPABHCHUH.

Tax xax HETHHCHHBIMHI UCXOTHBIMH VPABHCHH-
SIMH SIBJTTFOTCSL TONIBKO (pusuueckue ypasHeHus (3)
MOJKHO Cpa3y JTHAHU3UPOBATh 3TH VPABHCHUS, MPO-
muddepenuposas no dpere, U pu BEIBOAEC paspe-
maromux An(depeHIUPYIOMIX YPABHEHUH M0b30-
BaThCAd VK€ JIMHCHHBIMH OTHOCHTEIIBHO MpHUpalne-
HUH IepeMeIneHI Au 1 AW ypaBHEHHUSIMHUL.

B pesynprate nmpuxoaum k auHeHHBIM Audde-
PEHIMATBHBIM YPaBHEHHIAM[6].
4 _y,

2n° ’
4
9: __o
121

I S 1 AT 12) N {14 SR

3nece marpunbl {d}n ¥ {D}nn1 aHATOTUYHBI
Marputam auddepenauposanus A.B. Anekcan-
aposa [9, 10].

B cucremy auddepeHiuansHeixX ypaBaeHuk (4)
BXOJAT NMPOU3BOAHBIC A0 YETBEPTOU CTCIICHH BKITIO-
yurensHo. M3 dopmymet (5) mocie mpocTeix npeod-
Pa30BaHUI MOIYyYacM MATPHUYHBIC BBIPAKCHUS IS
BBICIIUX MTPOH3BOIHBIX.

2

{W”}n+1 = {dO }n+l W('; + {dl }n+l W(‘) + [DZ ]n+l,n+l {W}n+l; 6
) = o} we + 4y Y w4 s 3wy + D ] s ©)

{W'V }n+l = {do }n+l W(')V + {dl }n+l W(';' + {dZ }n+l W;; + {d'i }n+l W(‘) + [D4 ]n+l,n+l {W}n+l ’

rac
{di }n+l = [D]n+l,n+l {di—l }n+l;

4 4 (7)
[DILH,VHI = [D171L+I,n+I[D]n+I,n+I(i = 174)

VYuuTeiBas MOIYYCHHBIC MAaTPUYHBIC BBRIPAXKE-
Hus 11 AuddepeHIHaTbHBIX ONIEPaTOPOB, CUCTEMY
ypaBHeHUH (4) MOKHO 3amKCaTh B MATPUYHOM

dopme

(cro +¢1,[D]+ e [P Ydud+ (e, 4y Y e fd, Dy + 1, iy Yo +
+(d10+d11[D]+d12[D2]+d13[D3]){Aw}+
+(d, {d, }+d  4d, 3 d s Ad, Dawy +(dy, o 3+ d s fd, Daw, +d s fd, Yawg +g 2n? =0;
(€20 + [ D]+ 2 |D? |+ 0|0 Dt} + (00,8 Y+ 00, Y 0y s Dty + (3§ Y+ cr bt D+ B
+eys{dy YAy +(dyy +d,, D]+ d,, [D2]+ d [D3]+ +d,, [D4]){Aw}+
+(d,y 4dy Y dyy d, Y dosld, 3 do dd D aw, +(do,fd, Y+ d s ld Y+ dy 4d, Daw +
+(dyy{dy Y+ dy 4d, Dawy +d, 4d Jawy +{g N2n? =0,

K noayuennsim 2(n+1) ypaBHCHHSIM CIeAyeT
JOOABUTh TPAHUYHBIC YCIOBUS, 3AMUCAHHBIC TAKKS
B MaTPUIHOMU (opme.

J1s IapHUPHO HEMOABUKHOTO KPast B N TOUKE

Au, =0;Aw =0;AM, =0. )
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B caydae zamemiaeHHOTO Kpas 000I0YKH Tpa-
HUYHEBIC VCIIOBHA B N
TOUKE OyAYT

Au, =0;Aw, = 0;4d, Jaw, +[DEAw}=0. (10)
Hna 3amxayTOH 000M04KH MTpH N = () MOTYYHM
Au, =0,Aw, =0;Aw, =0.  (11)

Marpury auddepeHIMPOBAHNS MOXKHO TIO-
CTPOHTE PA3HBIMHU CIIOCODAMH: C MOMOIIBIO CILIAMN-
HOB, WJIH MPUOCTHYTh K AlMPOKCUMALMN (PYHKLIUN 1
€€ MPOU3BOAHOMN NOJTUHOMAMU.

A B. Anekcanapos BeiBen [9] marpuuy audde-
penmuposanus {d} u {D} mas paBHOMEpHOrO 1mara.

ﬁ(x_xk)

ﬁ(x_xk)

OnHako panpoHAJIbHEE NPUHATH IIAr HEPABHOMEP-
HBIM, BBIOHpas €ro B 3aBUCHMOCTH OT TIJIaJKOCTH
(VHKLHUH.

His moctpoeHust matpuiisl audhepeHuposa-
HHUS A7 HEPABHOMCPHOrO INara MpPOBOJUM Mapa-
0oay n+1-ro mopsaka 4epe3 TOUKH Yo, Vi, ... Yn C 32~
JaHHOM mpon3BoAHOH B Touke 0 yo' Uckomas GpyHK-
LS TIPY STOM aNMPOKCHMHPYETCS MHOTOUJICHOM 1 -
i creneHu Y(X), YIOBICTBOPSIOIINM YCIOBHAM
V(xx) =y(xx) = yk Bn +2 TOYKAX WHTCPHOIS-
wuu X (k= -1, 0, 1, ... n). HeusBectHoe 3HaucHUC y
B Touke k = -1 onpeaensercs uepe3 Npou3BOIHYIO Vo'
B Touke k = 0.

Bocnoneszyemcst mHTEpHOMAIUOHHON (opmy-
noti Jlarpamxka [11]

ﬁ(x_xk)

Y, =— Vo, +— Vo F e+ A v, (12)
H(x—l_xk) H(xo_xk) H(xn_xk)
k=0 k=-1.1 k=—1
IMpoauddepenuupyem Borpaskerue 11 Y (x)
dY H( k)z _ ) H()C xk)z _ ) H('x xk)Z(x X )
dx _ k=0 k=0 y,, + k=-1,1 k=—1,1 k yo + k=—1 — k=—1 k n‘ (13)
H(x—l_xk) H(xo_xk) H(xn_xk)
k=0 k=—1,1 k=—1
Jis onpeneieHUs 3HAYCHHUS Y. | 3AMUIIEM MPO- Toraa umeem
n3BOAHYIO ¥Y' B TOUKE X9 = 0 ¥ MIPUpPaBHUBAEM K Vo'
n—1
(=x,) —X
y—l _ 1 ' _ k],?|l| g k;l( xk _ IH( k) (14)
n o Yo 0 n—1 n Y+
H(‘x—l —X) H(_‘xk ) H (g — X, )H( X)) H (x, —x; )H (—x)
k-0 k-0 k——1,1 k——1 k-0
[Tocae mpeoOpazosanuii dopmyna () MPUHAMACT BHI
< 1
1 i (—x,) X X
- -1 =— Yy —— kL — R y,.(15)
H('x—l —X;) H(_xk) H(xo —X;) H(xl — X)X, H('xn — X)X,
k=0 k=0 k=-1,1 k=-1,0,2 k=-1
IMoacragmss () B () moay4yaem
n n 1
(x—x o (x—x;) ] | &x—x)
Y g k)kzz(;(x—xk) kHl k;l( = X;) H ‘ Z( _xk) B
- = n 0 Yo "
dx
H(_xk) H(xo —x;)
pile k=11 (16)

n—1 n—l1

H(x xk)z

k=1

A

(_k)

e

k=0

Xk)z (x xk) X, :|

n—1

n*

H(xo —x)

k=—1

[Tocae mpocTeix npeodpazoBaHUi MOTYINM
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n n 1 n 1 n 1
(x—x;) (x—x ){ [ ] t2,
Y g ¢ kzz(;(x—xk) ' H Z,:x X\ X Zl:xk Zl:xk
I - Yo+ Yot
X
[Txo H(xo -x;) (17)
k=1 -

+ﬁ(x—xk){z

k=0,2

C nmomorteo popmyner (17) MOXKHO Hammucatb
MaTpudHyto Gopmyny unciacHHoro auddepeHupo-
BaHWUS TIPU NICPEMCHHOM IIAre pa3OHCHUS

n-1
+1p, +.. +H(x xk){ .
0.2 k=0 =0 X~ X

l}n.
Umn

{y‘}nﬂ {d}nH 1y0 + [D]n+l n+1 {y}nH (19)

I'ne anementor BekTopa {d} u {D} BeIUMCHTS-
OTCs 110 hopMyIaMm

0,1,...n);

;(i=1,2,...n);

@=12,..nj=12,..mi # j),

(20)

vo| [d, 0,0,...0 o
y; d, dyg,d,ps-dy, || 1)
=1 vt ;o (18)
y;q d" dno’dHZ"" nn yn
H(xi _xk)
d- — k=0;k=i '(l —
H(_xk)
k=1
X; H(xi —-X;)
k=03kw=i k= j
dl.j = J
X H(xj _xk)
k=0:k=j
d; = i + Z 1
X k=i Xy T X

dy; =0;(j = 0,L,..n);

H(x — X, )X,

k=0;k=i
diO - n

H(xo —X;)

k=1

[Tpu paBHOMepHOM miare matpuna guddepeH-
LUPOBAHUS MOIY4ACTCS TaKOH k¢, Kak y A B. Anek-
caHmposa [9].

PaccMoTtpuM A cpaBHEHMS TPH MAaTPHLIEL
JuddepeHINPOBAHHUS

1. matpury AudGCPESHIMPOBAHUS, TTONIYUCH-
HYIO C IIOMOIIBIO KYOUUCCKUX CITAHHOB,

2. Matpuny muddepenumposanus A.B. Anek-
caHaposa [9] o paBHOMEPHOTO Imara,

Sl
ey

1 X

j;(i =12,...n);

3. matpuny JaudHCPSHUUPOBAHUS, TOTYUCH-
HYIO BBILIC AJIs1 HEPABHOMEPHOTO mara (1 = 6).

Pesynbrater pacuera 3amMkHYTOH cdeprueckon
00ONOYKH € KECTKO 3aLICMIICHHBIM OMOPHBIM KOH-
TYpOM HOJA ACHUCTBHEM HOPMAJIBHON PaBHOMEPHO
pacrpeaenennoi Harpysku (= 100, 00 < < 309)
JaHsl B Tabaune 1.

3HauCHHS CPABHUBAIOTCS C TOUHBIM PCIICHUCM,
nonyueHHbIM W.C. AxmeapsinoBbim [12. 13, 14, 15]
(4 cTonbuk TabIHIIBI).
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CpaBHenue matpun auddepeHnHpoBaHusA

Tadruya 1

I} Mertomn! perreHus
1 | % | 2 | % | 3 | % | 4
Hsrubaronme MOMEHTEL
12 - 0,00487 8 - 0,00448
15 -0,03345 34 -0,04617 | 8,7
18 -0,12241 5,6 -0,12968
20 -0,18679 0,9 -0,18596 | 1,4 - 0,18853
24 -0,19537 2,1 - 0,19963
25 -0,15743 10,3 | -0,13114 | 8,1 -0,14272
27 0,11287 4 0,10847
30 0,96670 0,1 0,96914 0,2 0,96991 0,2 0,96741
[Tonepeunas cuia
12 -0,00565 12 - 0,00504
15 -0,01138 4,4 -0,01079 1 - 0,10908
18 -0,01529 3 -0,01576
20 -0,01995 27 -0,01462 | 0,1 -0,01461
24 0,01768 0,1 0,01769
25 0,03911 8,7 0,03710 3 0,03598
27 0,08792 0,1 0,08798
30 0,19690 0,5 0,19726 0,3 0,19690 0,02 0,19785

W3 cpaBHeHMsT pe3yabTaTOB  BHIHO, YUTO
HauOONBIIYIO TOYHOCTh AacT MaTtpuua auddepen-
LUPOBAHUS ¢ HEpPaBHOMEPHBIM Inarom. Ommbka B
3TOM clydac B 30HE KpacBoro 3¢Q¢ekta MeHbIIE
4 %.
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Petrakov A.A.

THE CALCULATION OF SPHERICAL SHELLS OF BIMODULUS NONLINEAR ELASTIC
MATERIAL OF STEPPER METHOD USING THE MATRIX DIFFERENTIATION

The paper presents nonlinear differential equations for shells of revolution of bimodulus nonlinear materials.
Elastic constants for a material are determined from the six conditions, the first four of which Express the
equality of strength of experimental and approximating diagrams in stretched and compressed zones under
uniaxial stress and biaxial uniform tension and compression, the fifth equality of strength at the shift and the
last equality is the limit of the deformation of experimental and approximating graphs in the compressed area.
The solution of the resulting nonlinear differential equations is reduced by using the modified method of suc-
cessive loadings to the solution of linear differential equations. Linear differential equations are solved using
the matrix differentiation. The resulting matrix of differentiation for an uneven step. Made a comparison of
calculations using different matrices of differentiation and shows the best convergence in case of the use of
matrix differentiation with nonuniform step.

Keywords: shell of revolution, the bimodulus nonlinear material, the method of successive loading, matrix
differentiation, nonuniform step.

IMMeTpakoB AjlekcaHAp AHApeeBU', KaHIIAT TEXHUISCKUX HAYK, JTOTICHT Kadephl CTPOUTENLHON U TeopeTHiecKoit
MEXAaHHKH.

HarmuonanbHEI Hecie1oBaTeIbCKA MOCKOBCKHM TOCYIAPCTBEHHBIHM CTPOUTENLHEIN YHUBEPCUTET

Agpec: Poccust, Mocksa, Slpocnasekoe 11, JI. 26.

E-mail: alekpetrakov@mail.ru

182



